Abstract-The next generation radio telescopes such as the Square Kilometer Array (SKA) are expected to contain thousands of antenna array elements operating over a broad frequency range where the signals from each antenna element are combined and processed simultaneously providing high sensitivity with multiple beams providing a wide field of view. One crucial design aspect influencing both the performance and the cost of such systems is the array geometry. Due to the large bandwidth and number of broadband antenna elements, the optimization of such array system is difficult to achieve with the current array geometry optimization techniques which rely mainly on genetic algorithms and pattern search techniques. This paper provides a study of the effects of array geometry on the performance broadband array system. In addition, it provides a method where the array geometry can be more easily optimized for different applications. This is demonstrated for optimizing a typical SKA station in the frequency band between (70-450 MHz).
I. INTRODUCTION
L ARGE scale broadband antenna arrays refer to arrays of thousands or millions of combined antenna elements operating over bandwidths of several octaves. Such arrays can provide high sensitivity multiband instrument that are useful for radar and radio astronomical applications such as radio telescopes. Such arrays have extremely large number of element if they are regularly sampled at the appropriate half wavelength. Furthermore, due to the large bandwidth, the elements become extremely dense leading to expensive and inefficient structures. Therefore, optimization of the array distribution (geometry) is essential for the realization of these antenna array systems.
The antenna array geometry refers to the number of antenna elements and their relative distribution over the array aperture, including the maximum distance across the aperture (aperture size).
Consider the coordinate system shown in Fig. 1 where the antenna elements can be arbitrary distributed on the plane. Assuming each element has an equal amplitude and phase, the total field at the observation point P at a far field distance R from the origin is given by [1] (
where is the number of elements in the array, is the free space wave number, and are the elevation and azimuth angles respectively, is the far field radiation pattern of the antenna element 1 and are the Cartesian coordinates of the element in the plane, Fig. 1 . The array peak directivity 2 can be defined as the ratio of the maximum power radiated by the array, which can be assumed at an angle to the power radiated from an isotropic radiator. This can be written as [1] (2) From (1) and (2), the array radiation pattern and hence its directivity and sidelobes depend on the array geometry. In addition, the beamwidth of the main beam is proportional to the aperture size.
One main figure of merit for the array performance particularly of interest in imaging and tracking applications can be defined in terms of the overall effective area of the array and the overall system noise temperature . This is known as the array sensitivity [2] and is defined as
The array effective area is related to the array directivity as (4) where is the wavelength, is the total array efficiency, and is the directivity of the array [3] .
The system noise temperature can be written as (5) where is the antenna noise temperature, is the physical temperature with a typical value of 290 [Kelvin] and is the low noise amplifier (LNA) noise temperature [4] . The antenna noise temperature is the noise temperature due to the antenna array environment, such as various atmospheric, ground and cosmic sources [4] , in addition to interference from other radio frequency or jamming signals. One major noise contribution, particularly for radio telescope applications, is the antenna temperature due to the sky brightness temperature which for a particular frequency can be written as (6) where is the array radiation pattern, is the sky brightness temperature, and are the elevation and azimuth angles respectively [4] .
Substituting (5) and (4) into (3), the sensitivity can now be rewritten as
The above equation shows that higher sensitivity can be achieved by increasing the array directivity. The consequence is a large array containing many elements, increasing the complexity and the cost of the system. Higher sensitivity can also be achieved by reducing the system noise temperature, particularly reducing the antenna noise temperature . Since the antenna noise temperature is a convolution between the antenna radiation pattern and the sky brightness as in (6) , reducing the antenna radiating power in directions other than the main beam (sidelobes) can reduce the antenna noise temperature and hence reducing the overall system temperature in (5) . Furthermore, certain applications might require low sidelobe levels to improve visibility and avoid false detection in the presences of noise sources. This exerts an extra requirement on the maximum sidelobe level the system can tolerate. Assuming the antenna noise temperature is low, the overall noise temperature can be dominated by the LNA noise temperature 3 .
Another design aspect influenced by the array geometry is the array beamwidth. The number of beams is used as a tradeoff between the sensitivity per beam, the signal processing required, and, particularly for radio astronomy, the ability to calibrate the instrument [5] . As is shown in Section III for sparse arrays, the relationship between directivity and beamwidth is not obvious due to wide angle sidelobes.
Antenna array geometry has been widely studied in the literature with early work dating back to the 1960 s. References [6] - [20] include a number of design techniques for optimizing the array geometry including genetic algorithms (GA) as in [11] , [12] , pattern search as in [18] , and the optimization of aperiodic tilings in [19] . These techniques have been applied for various narrowband and broadband applications. These previous array geometry studies are useful for optimizing arrays of small to moderate size (few hundred elements) due to the computational complexity. In addition, most studies focus on the effect of geometry on the sidelobe level, with little attention given to the impact on directivity and beam width, particularly over a broad band. Many methods that utilize iteration techniques become very limited when applied to optimizing arrays of large scales and bandwidths. This is due to the difficulty in forming a fitness function which accounts for all the performance aspects of the system in addition to the computation complexity required to perform the optimization.
This paper provides a study of large scale broadband array geometry and its effect on various performance aspects such as directivity, sidelobes and beam width. It presents a technique which facilitates the optimization of such large scale broadband array systems for a wide range of applications. The technique utilizes simple randomization and space tapering operations (see Sections II and III) that can optimize the performance of a given number of elements over a given broad band. The technique avoids any iteration or search algorithms which often suffer computationally when applied on large number of elements and bandwidths and can also result in poor optimizations. Another advantage of the presented technique over iterative and search methods is that it is mathematically tractable and hence can be applied on any large number of elements to yield comparable tradeoffs as shown in Section IV. Lastly, the method can be related by simple scaling allowing faster optimization.
Section II is in outline of the array geometry design technique. Section III provides a comparison between the various designed geometries outlining the main tradeoffs involved. Section IV shows how the presented technique can be applied to optimize the performance of a large-scale radio telescope such as the proposed square kilometer array low frequency aperture array (SKA-AA-low) [2] .
II. ARRAY GEOMETRY
The method presented in this paper allows for effective optimization of large scale broadband arrays without the need for iterations or search techniques. The method starts by assuming a large number of elements are available which can be distributed over a constant aperture size . The elements are then distributed by applying controlled randomization and/or space tapering techniques which allows the designer to trade off performance of the elements over a broadband and thus maximize their performance depending on the application requirement. This method is termed here as: Analytical Broadband Array Geometry Optimization.
A. Controlled Randomization
A random array of a defined number of elements can be constructed by initially defining a certain aperture size , where the Cartesian coordinates of the element is determined from a pseudo random number generator defined over the space, where is the aperture radius. This creates a pseudo random distribution with large differences between adjacent elements spacing. In order to control the randomization, a minimum separation constraint can be introduced as where is a vector containing the distances between the element and all the other elements in the array. The second constraint eliminates elements outside an circle and thus created a circular aperture 4 . The distance is a certain chosen minimum separation. If and are assumed constant, must be bounded by a maximum value to allow the process to converge. A reasonable maximum value of is where is the element separation of an equally spaced square array of the same aperture size and number of elements. This allows creating element distributions with controlled minimum separation as in Fig. 2(a) with a small minimum separation of and a large minimum separation in Fig. 2(b) with . For a given aperture size and number of elements, a larger minimum separation constraints forces more even spacing between elements avoiding too large and too close separations. This technique allows to trade off array performance over a broadband as shown in Section III.
B. Space Tapering
A technique that can be utilized to trade off performance is space tapering. Space tapering can be applied on any arbitrary distribution by determine the physical displacement for each element in the array according to a certain tapering window such as Gaussian, Chybeshev, Taylor, etc., which can be created and controlled in MATLAB [26] .
The space tapering of an array of element Cartesian coordinates , can be achieved by shifting each element position according to the chosen taper function. Let A(i) be a normalized taper function of given length larger than N, and be the distance of the element to the centre of the array of radius . Then the new tapered element Cartesian coordinates can be calculated from
4 In this paper, only circular aperture are considered. where . The value of chosen for each element is the nearest to the distance of that element from the centre of the array. This is applied on the equally spaced array in Fig. 3 (a) using a Gaussian window with a width factor of 2.5 (in MATLAB) to yield the tapered square array in Fig. 3(b) . The same window is applied on the random array with large minimum separation constraint in Fig. 2(b) to yield the tapered random array in Fig. 4 .
Another space tapering technique is found in [16] where it has been applied on spiral arrays based on the golden ratio. A golden ratio spiral array (GRS) can be constructed in polar coordinates from (10) (11) where, is the radial displacement of the element, is a scaling factor, is the angular displacement of the element, and is the golden . [21] . For is linearly spaced function, (10) and (11) give a uniform sunflower distribution. The distribution can be tapered by adjusting the radial displacement vector according to a certain taper function. This can be achieved by assuming an circles of increasing radii rings , , where is the number of elements. A tapering function can then be selected such that the radius of a particular ring is determined by integrating the power contained in that portion defined by the desired radius and equating to the total power divided by the total number of elements N. The detail of this algorithm is given in [16] , and the relationship by which the radial distance is determined is shown as follows: (12) (13) where is the radius of the array and . Once the radial distance of the element has been determined, the angular position can be calculated from (10) for a golden angle spiral configuration. From [16] , these arrays have been shown to have useful properties for narrow band satellite coverage applications. These arrays are investigated here for broadband performance. The same Gaussian window with a width factor of 2.5 is applied to design the tapered golden ratio spiral (Tapered (GRS)) array in Fig. 5(a) .
The array geometries in [19] are based on array thinning of aperiodic tilings for broadband sidelobe performance and the optimized Danzer array is redesigned here with 1000 elements shown in Fig. 5(b) for comparison with array geometry designed in this paper.
Since the aperture size and number of elements are kept constant in all configurations, the main constraint for the element distribution is the minimum separation. The minimum separation must be kept sufficiently large to allow for the antenna element physical size and the affect the mutual coupling. This can vary significantly depending on the required application. In this paper, a minimum separation constraint of half wavelength at the lowest frequency is considered reasonable.
III. PERFORMANCE COMPARISON
The directivity, mean sidelobe, peak sidelobe for the array geometries figures Figs. 2-5 outlined in Section II are calculated over a broad frequency band of 30:1 and the results are compared in Figs. 6-8 respectively. For the directivity, the comparison is shown in two sub-figures Fig. 6 (a) and (b) for clarity.
As stated earlier, all the arrays are chosen to have an equal aperture size. In this example is chosen to be , where is the wavelength at the highest frequency in the band. This corresponds to an aperture size of , where is the wavelength at the lowest frequency in the band. In addition, the arrays are all chosen to have an equal number of elements (1000). Since the aperture size and the number of elements are equal, the performance of each array is now due to the element distribution and hence the effect of the distribution can be more effectively assessed. The frequency axis is kept as a frequency ratio for generalization and each performance trend is marked at the point where the array minimum separation becomes half wavelength 5 indicating the lowest operational frequency for that array. The directivity comparison in Fig. 6 also compares the directivity of each array to the value of . Where, is the number of elements and is the directivity of one hemispherical element (3 dBi). The value of can be regarded as a fair cost performance indicator of the array directivity. In other words, array directivity less than indicates cost inefficiency.
For the equally spaced square grid array, the directivity increases with frequency which then drops dramatically at element separation of approximately one wavelength limiting the array highest operational frequency (Fig. 6(a) ). This can also be seen from the peak side lobe level in Fig. 8 . For all other arrays which are not periodic the directivity also increases with frequency ( Fig. 6(a) ). However, the maximum possible directivity for these arrays is less than that of the periodic array. In addition, the directivity drops more smoothly at higher frequencies converging towards . This is due to the irregular element spacing which prevents the full formation of grating lobes and potentially extending the bandwidth of the arrays at higher frequencies. The element irregular spacing also causes increase of side lobe level in figures Figs. 7 and 8 which rises even further at higher frequencies. The side lobe level can be well controlled in the case of tapered arrays compared to non-tapered arrays. This reduces the maximum achievable directivity from the array.
The above comparison show that while high performance can be achieved from an equally spaced periodic array, the highest operational frequency is limited to where the array distribution becomes under-sampled (larger than one wavelength). The bandwidth can be greatly improved by forming aperiodic arrays which can be designed and controlled by applying simple space tapering and randomization techniques over certain distribution as outlined in Section II. However, this comes at the expense of reducing the maximum achievable directivity from an N element array by at least 50%. As the minimum separation of aperiodic arrays become larger than one wavelength, very little directivity improvement above can be achieved regardless of the distribution. As an approximation, array directivity higher than can only be achieved over one octave bandwidth where the minimum separation is which can be controlled by randomization and space tapering. Nonetheless, mean and peak sidelobe level can still be improved at higher frequencies particularly with tapered distributions without large compromise on directivity.
For non-tapered arrays the lowest peak sidelobe possible is that of the first few sidelobes near the main beam of around set by the circular distribution which can be achieved over the entire band as in Fig. 8 for the random array with large . This remains the case regardless of the array size or number of elements. For tapered arrays the first few sidelobes are lower than due to the tapering. As the frequency increases, far-out sidelobes increase and eventually exceed the first few sidelobes. Since average sidelobes decrease with (i.e., larger apertures), the peak sidelobe also decreases with decreases with giving the tapered arrays an advantage in terms of peak sidelobe level for large arrays compared to non-tapered arrays. At higher frequencies this comes with no compromise on array directivity which converges towards . This is demonstrated further in Section IV.
As might be expected the beamwidth for a tapered array is broader than that of non-tapered array with the same aperture size and number of elements. The beam width in both cases decreases with . For tapered arrays, despite applying the same tapering function, the beamwidth can vary depending on the initial geometry which can also result in different minimum separations as in Fig. 9 . In practice, this means that different array size would be required to meet the same beamwidth requirement (see Section IV)
The far field radiation patterns at the centre of the band (frequency ratio 15) are compared in Figs. 10(a) and 10(b) . The comparison shows the lower side lobe achieved with the tapered arrays compared to the non tapered arrays particularly at angles near the main beam which might be useful for calibration [5] . The tapering also prevents high sidelobe peaks. It is worth noting that at higher frequencies, despite their broader beam which allow the side lobes to be reduced, tapered array can still provide comparable directivity to non tapered arrays of the same number of elements and size.
IV. DESIGN OPTIMIZATION
The proposed SKA is a new generation of radio telescopes with over a million square meter of collecting area operating over a broad frequency range from (0.07-10 GHz) [2] . One part of the SKA is the low frequency aperture array (AA-low) which is proposed to operate in the frequency region between (70-450 MHz). Due to the high sky brightness temperature at those frequencies a sparse array has been proposed in order to achieve large effective areas with fewer antenna elements to reduce the cost [2] . Due to the large number of elements and the bandwidth, the geometry design technique outlined in Section II, in addition to the geometry comparison in Section III can be used to optimizing the station design.
The array geometry design technique outlined in Section II considered different distributions of a constant number of elements within a constant aperture size with the geometry tradeoffs outlined in Section III. Scaling the number of elements with the aperture area allows these tradeoffs to be achieved for any number of elements. In this example the arrays outlined in Section II are scaled to have 2000 elements which are now distributed over twice the aperture area. Due to the minimum separation design constraint, the arrays are designed to all have a minimum separation of half wavelength at the lowest frequency (70 MHz). This is to allow enough flexibility for the element size, its matching and to limit the mutual coupling effect. Since the half wave length separation occurs at different frequencies for the same sized aperture as shown in the comparison in Fig. 6(a) and (b) , each resultant array aperture size now depends on its minimum separation.
The sensitivity for the various array geometries are calculated from (7) substituting the sky brightness temperature found in [4] as the antenna temperature , assuming a low noise amplifier noise temperature of 35 k over the band and an array total efficiency of 90%. The sensitivity for each array geometry is shown in Fig. 11 over the frequency band from 70-450 MHz. The figure also includes the sensitivity of the equally spaced square array (only until the appearance of the first grating lobe to improve figure clarity). The figure shows that while high sensitivity is achieved with equally spaced array, its bandwidth is limited to one octave (due to the appearance of grating lobes). The random array with large minimum separation achieves high sensitivity at low frequencies particularly at 90 MHz due to its high directivity at around half wavelength minimum separation. However, its sensitivity drops at 140 MHz which is the frequency point at which grating lobes would appear in a uniform array (see Fig. 6(a) ). Less sensitivity is achieved with the tapered arrays at low frequencies. The peak sidelobe for the tapered array has improved by 2-6 dB over the entire band over the non-tapered arrays. In addition to lower mean sidelobe level particularly for the tapered square array as (See Table I ).
For the sensitivity at higher frequencies, all arrays provide equal sensitivity due to the directivity converging towards as in Figs. 6(a) and 6(b) in Section III. The sensitivity calculation in this example considers a constant sky brightness temperature profile. In practice, the sky brightness temperature varies over angular space which would potentially allow for better sensitivity from tapered arrays due to their lower sidelobe level compared to non-tapered arrays. Calculation of array sensitivity due to the brightness temperature of the whole sky at 408 MHz can be found in [23] which demonstrate the potential of sidelobe level in improving the sensitivity of the array. As mentioned in Section III the peak sidelobe level for the tapered arrays in Table I has decreased by approximately 3 dB compared to Fig. 8 since the array size and number of elements have been doubled while the peak sidelobe for the non-tapered array remained unchanged. The 3 dB beamwidth for the various array geometries is shown in Fig. 12 . The broadest beam is occurs with the equally spaced square array as this geometry allows the elements to be packed in a smaller aperture compared to the other arrays (see Table I ), followed by the random array with large . On the other hand, due to the small minimum separation of the random array with small the resultant aperture size for minimum half wavelength spacing is . Notice that the resultant beamwidth scales with aperture size for these non-tapered arrays. For tapered arrays, this is not necessarily true due to the impact of the minimum separation constraint. As an example, the tapered GRS has the largest aperture size yet it does not have the narrowest beamwidth.
The different performance parameters tradeoffs must be considered together, taking into account the priority and design constraints for each performance parameters including cost, in order to select the best configuration. For the SKA a large radio telescope such as the SKA, broadband sensitivity might be the most crucial parameter followed by side lobes and then beamwidth. In such a scenario a tapered array such as the TGRS can be good optimized solution since it can maintain a good sensitivity over most of the band while in addition to good control on side lobes maintaining. On the other hand, the physical aperture size for such a configuration is larger for the same minimum beamwidth which might incur additional cost on the system. The optimization in this section assumes a minimum separation design constraint of half wavelength at the lowest frequency. Extra flexibility can be achieved by allowing closer separation in order to gather more performance at the low end of the band particularly for the tapered arrays. This can be achieved by the design of compact low mutual coupling broadband antenna elements such as the bow tie antenna in [24] and the Vivaldi antenna in [25] . Such antenna elements are currently being considered as possible candidates for the SKA-AA-low.
V. CONCLUSION
This paper provides a study of the effect of array geometry on the performance of broadband array antenna particularly for large number of elements. The study shows how the geometry can be manipulated via simple techniques (analytical broadband array geometry optimization) in order to extend the bandwidth of the array. The technique relies on applying simple controlled randomization and space tapering of the aperture distribution which allows for directivity, sidelobes and beamwidth to be traded off for bandwidth performance while the minimum separation required for element design can be accounted for. Since no iteration or search algorithm is needed, this technique is particularly useful when the required number of elements and bandwidth are large. An example is given for the design optimization of the SKA-AA-low station. The technique shows how the performance can be optimized with the same number of element over a broadband and hence, the number of elements can be reduced for a given minimum performance requirement.
